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PARTIALLY HOMOGENEOUS POLYNOMIALS 
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Abstract. In this note wc introduce a class of weakly elusive 
functions, which is slightly larger than the class of elusive func- 
tions introduced by Raz. We introduce the notion of partially ho- 
mogeneous polynomials, which encompasses all homogeneous mul- 
tilinear polynomials, e.g. the permanent and the determinant. We 
obtain lower bounds for the circuit size of a partially homogeneous 
polynomial in terms of the weak elusiveness of a family of poly- 
nomial mappings associated with the polynomial in consideration. 
We discuss several algebraic methods for proving that a polynomial 
mapping is weakly elusive. 
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1. Introduction 

Let F be a field. Recall that the permanent Pri(F) G F[xij| 1 < j < 
n] is defined by 

Pn{[Xij]) '■= n^=l2:j(T(i)- 

Finding non-trivial lower bounds for the circuit size or formula size of 
the permanent Pn is a challenging problem in algebraic computational 
complexity theory, especially in understanding the VP versus VNP 
problem [2], [3], [10], [8]. It has been pointed out by Mulmuley-Sohoni 
[B] that a proof of VP ^ VNP which is based on a generic property of 
po/|/(n) -definable polynomials will likely fall in the trap of the "natural 
proof. On the other hand, proving that a sequence of polynomials 
of large circuit size (resp. formula size) is po/?/(n)-definable seems to 
be equally hard as proving a non-trivial lower bound for the circuit 
size (resp. the formula size) of the permanent, since the permanent 
is yiVP-complete. Up to now, there is no known tool for obtaining a 
non-trivial lower bound for the circuit size of the permanent. The only 
known tool for obtaining a non-trivial lower bound for the formula size 
of the permanent exploits the Valiant theorem on the relation between 
the formula size and the determinantal complexity of the permanent 
[S], 0, El- The determinantal complexity Cdet, though better under- 
stood than the formula size, is still very complicated. The best lower 
bound CdetiPn) > ('^^/2) has been obtained by Mignon and Ressayer 
[5]. To get the quadratic estimate, Mignon and Ressayer compared 
the curvature of the hypersurfaces {detm(x) = 0} and {Per„(x) = 0}. 
Mulmuley and Sohoni suggested to use representation theory to obtain 
lower bounds for CdetiPn) [S]. 

In |7] Raz proposed a method of elusive functions to construct poly- 
nomials of large circuit size. He emphasized that the hard problem is 
to construct polynomials of large circuit size which are also poly{n)- 
definable. 

In this note, exploiting Raz's idea, we associate the permanent P„ 
with a family of homogeneous polynomial mappings : F*^*"^^" — > 

/(n + l)(n-t)-lN 

F ^ of degree t — 1 and with a family of homogeneous poly- 

nomial mappings : F**^ — )■ F("-t) of degree t. Here t G [2, n — 2] 
is a parameter. We obtain a lower bound for the circuit size of the 
permanent Pn in terms of either the weak elusiveness of (Theorem 
13. ip as of the weak elusiveness of (Theorem 13. 3[ Example 13. 6p . We 
also extend the above method to obtain lower bounds for the circuit 
size of a partially homogeneous multivariate polynomial. 
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The plan of our note is as follows. In section 2 we introduce the no- 
tion of weakly elusive functions. In section 3 we prove our main result 
relating the circuit size of the permanent (or any partially homoge- 
neous polynomial) with the weak elusiveness of associated polynomial 
mappings. In section 4 we discuss several methods for proving the weak 
elusiveness of a polynomial mapping, and using them to construct new 
examples of weakly elusive functions. In the appendix we reformulate 
a normal form theorem and the existence of a universal circuit-graph, 
which are originally due to Raz, in the form that is needed for our note. 

For the sake of simplicity of the exposition, we assume in this note 
that F is a field of characteristic 0. Then any polynomial / G ¥[xi, ■ ■ ■ , Xn] 
can be identified with the associated polynomial function / : F*^ — > 
F. In the same way, we identify an ordered m-tuple of polynomials 
gi,--- ,gm G ¥[xi,--- ,Xn] with the associated polynomial mapping 
/ : F" — F™". The space of all polynomials of degree at most r on F" 
will be denoted by PoF {¥"'), and the space of all polynomial mappings 
from F*^ to F*" of degree at most r will be denoted by Po/'"(F'", F™). 

2. (s,r)-WEAKLY ELUSIVE FUNCTIONS 

In this section we introduce the notion of an (s, r)-weakly elusive 
function (Definition 12.11) . which is slightly weaker than the notion of 
an (s, r)-elusive function introduced by Raz (Example 12.21) . Then we 
show how this notion measures the circuit size of a polynomial family 
of m-tuples of homogeneous polynomials (Proposition 12. 4p . The key 
notion is a polynomial family of homogeneous poljTiomial mappings 
(Definition ESD- 

Definition 2.1. (cf. [TJ Definition 1.1]) A polynomial mapping / : 
F" — > F'" is called {s,r) -weakly elusive, if its image does not belong 
to the image of any homogeneous multilinear polynomial mapping F : 
F"* F"* of degree r. 

Example 2.2. (1) Any (s, r)-elusive polynomial mapping is (s,r)- 
weakly elusive. 

(2) The curve {l,x, ■ ■ ■ ,x"^) G R'""^-'^ is (m, l)-weakly elusive, since 
its image does not belong to any hyper-surface through the 
origin of M™"*"^. On the other hand, this curve is not (m, 1)- 
elusive, since it lies on the affine hyper-surface xi = 1 in M™'"'"^. 

The notion of (s, r)-weakly elusive functions is useful, when we want 
to verify, whether a polynomial family of homogeneous polynomial 
mappings has uniformly bounded circuit size. 
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Let US fix some notations. 

• For any p,n,m E N let Pol^^^iW"^) denote the space of liomo- 
geneous polynomials of degree p on F" and Po/^^^(F", F"^) the 
space of homogeneous polynomial mappings of degree p from 
F" to F"'. 

• Given a set S of variables Xi, ■ ■ ■ ,xi we denote by ¥{S) the 
vector space F' with coordinates Xi, - ■ ■ ,xi. 

Definition 2.3. A family Fa G Po/;;„^(F", F™), A G F*^, is called a 
polynomial family of homogeneous polynomial mappings, if there exists 
a polynomial mapping / : F'^ — )■ F^, N = dimPo/J^^^(F", F"^), such 
that Fx = /(A) for all A G F'^. The polynomial mapping / is called 
associated with the family Fx- 

Proposition 2.4. Let Z = {zi,--- , Zn} be a set of variables, n < 
s and m < 32s(r + if. Assume that Fx E Poll^^{¥{Z),¥"') = 
{Poll^^{Z))"^ , A G F^', is a polynomial family of homogeneous poly- 
nomial mappings such that for each A G F^ the circuit size of Fx is at 
most s. Then the associated polynomial mapping f is not (/, 2r — 1)- 
weakly elusive for any I > Iq := s"^ ■ 2®r^(r + 1)^. 

Proof. To prove Proposition 12.41 it suffices to show the existence of a 
homogeneous multilinear polynomial mapping 

: F' ^ (Po/L™(F(Z)))- 

such that 

(2.1) /(F^) C rG(F'). 

The polynomial Tq is constructed using Proposition lS. 51 which asserts 
the existence of a universal circuit-graph Gs,r,n,m for homogeneous poly- 
nomial mappings P G Po/;;„^(F'^, F™) = (Po/^„„(F(Z)))™ such that P 
is of circuit size at most s. By Proposition 15.51 ^ „ ^ has at most Iq 
edges leading to the sum-gates. We label these edges with yi, - ■ ■ ,yi, 
where J < Iq. We label the other edges of Gs^r,n,m with the field element 
1. Now we define Tq to be the polynomial mapping in the variables 
yi, - ■ ■ ,yi such that 

where {gi, ■ ■ ■ ,gm) are the m output-gates of the circuit ^Gs.r,n,m ob- 
tained from Gs.r,n,m replacing the label yi with the field element 
G F for all i G [1,1]- (Thus Tq depends only in [variables.) Clearly 
the polynomial mapping is multilinear and homogeneous of degree 
2r — 1 (cf. [71 Proposition 3.2]). By the assumption of Proposition 
12.41 for any A G F" the circuit size of /(A) is at most s. Taking into 
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account Proposition 15.51 there exists a G such that /(A) = rG(a). 
This proves (12. ip and completes the proof of Proposition 12.41 □ 

Remark 2.5. Proposition 12.41 imphes that a polynomial family F\ G 
-P'^^/iom(^"' F™), A G F^', has a member with circuit size greater than or 
equal s+1 if the associate polynomial mapping / : F^ — )■ Po/^q^(F"', F"*) 
is (/, 2r — l)-weakly elusive, where I > ■ 2*r^(r + 1)^. In the section 
4 we will discuss several methods to prove that a polynomial mapping 
is weakly elusive. 

3. Estimating the circuit size of the permanent (or a 
partially homogeneous polynomial) from below 

In this section we introduce the notion of a partially homogeneous 
multivariate polynomial (Definition 13.21) . whose example is the perma- 
nent. We attach to the permanent (resp. a partially homogeneous poly- 
nomial) a polynomial family of homogeneous polynomial mappings. We 
estimate from below the circuit size of the permanent (resp. a partially 
homogeneous polynomial) in terms of the weak elusiveness of the asso- 
ciated polynomial mapping (Theorem 13.11 Theorem 13.41) . 

3.1. Lower bounds for the circuit size of the permanent. Through- 
out this subsection n is a basic parameter. 

We fix an additional parameter 2 < t < n — 2. Then we partition 
the set of variables {xjj, 1 < i-, j < n} into three subsets X, F, Z as 
follows 

X = {xii, i G [l,n]}, 

Y = {xk^, 2<k<t,iE [l,n]}, 

Z = {xki, t + 1 < i < n, i E [1, n]} . 
We represent the permanent as follows 

n 

(3.1) Pn{[Xij]) = ^XiiP„_i,,(y,Z), 

1=1 

where P„_i^j(Y, Z) is the homogeneous polynomial of degree n — 1 that 
is defined uniquely by (13.11) . Now we introduce some notations used in 
this subsection. 

(1) Set m' := dim PoC-^(F(Z)) = (("^'^tt^)"^) . 

(2) Set m := n ■ m'. 

(3) Let h : [l,m'] — Pol]l^{¥{Z)) be an ordering of the monomial 
basis. 
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(4) For each i G [1,?7.] there is a unique decomposition 

m' 

Pn-iAy,z) = Y.ff:-\Y)h{j), 

where f^^^iY) is a homogeneous polynomial of degree t — 1 in 
Y. 

(5) We define a polynomial mapping 

gn,t . ^(Y) ^ (PoC^(F(Z)))" 

by determining its (j, z)-coordinate component gj\ , for all i G 
[l,n] and j G [l,m'], as follows 

(3.2) gli ix2i, ■ ■ ■ ,xtn) := fj~^{x2i, ■ ■ ■ ,xtn)h~^{i). 

Theorem 3.1. Assume that the polynomial mapping defined in 
h3. 2^) is (s, 2{n — t) — l)-weakly elusive. Then the circuit size L{Pn) of 
the permanent Pn satisfies 



b-2^{n-t){n-t + lY' 

Proof. Assume the opposite i.e., L{Pn) < I := 24(n-tX"-f+i)2 • Note 
that Pn-i,i is the partial derivative of Pn in the variable Xu. By the 
Baur-Strassen result [1], there exists an arithmetic circuit of size less 
than 51 that computes the ra-tuple 

DPr,iY,Z) := {P„_i,(y,Z) G Por-i(F('^-i)'^)|z G [l,n]}. 

Note that for any value a = (a2i, ■ ■ ■ , am) G ¥{Y) we have 

g'''\a) = DPn{a,Z), 

which is an ra-tuple of polynomials in Z of circuit size less than or equal 
to L{DPn). Since L{DPn) < 51, we obtain 

L(c/'^'*(a)) < 5/ for all a G ¥{Y). 

Using Proposition 12.41 (or Remark 12. 5p we complete the proof of The- 
orem 13. 1[ □ 

3.2. Lower bounds for the circuit size of a partially homoge- 
neous polynomial. 

Definition 3.2. A multivariate polynomial P G F[xi, ■ ■ ■ , x„] is called 
partially homogeneous, if there exists a non-empty set Z of variables 
{xi, ■ ■ ■ , Xn) such that / is homogeneous in Z. 
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For example, any homogeneous multilinear polynomial is partially 
homogeneous. 

Let P G F[xi, ■ ■ ■ ,Xn] be homogeneous in the subset Z of its vari- 
ables. Set 

Z"*" := {xi, ■ ■ ■ , Xn} \ Z. 

Let X be a subset of Z-^ such that for each G X the polynomial P 
has exactly degree 1 in Xj. This set X maybe empty and need not to 
be the subset of all variables Xj of degree 1 in P. 
Let 

• Y:=Z^\X; 

• k:= i^{Z) andp:=#(X); 

• r the total degree of P in Z; 
.m':=dimPo/LJF(Z)) = C=+r^); 

• m := m' ii X is an empty set. If not, set m := p ■ m'; 

• h : [l,m'] — )■ Po/^Q,^(F(Z')) an ordering of the monomial basis. 

(1) Assume that X is an empty set. Then P is a polynomial in 
variables Y, Z. Write 

m 

p:=Y,puy)h{j). 

We define a polynomial mapping P : ¥{Y) — )■ PoZ^q^(F(Z)) as 
follows 

m 

P(a) := J]P,,o(a)Mj)- 

(2) Assume that p > 1. Let us enumerate the polynomials in the 
set{f ,xGX}byPi,---,Pp. Write 

m' 

p,{Y,z) ■.= Y,f,Ay)h{j)- 

We define a polynomial mapping P : ¥{Y) (Po/J^q„^(F(Z)))^ 
as follows 

p m 

i=l j=l 

The following Theorem is proved in the same way as Theorem 13.11 
so we omit its proof. 

Theorem 3.3. Assume that the polynomial mapping P defined by the 
recipe above is (s, 2r — l)-weakly elusive. Then the circuit size L{P) of 
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P satisfies 



L{P)> 



5-24r(r + 1)2' 
if X is not an empty set 

Next, we estimate the circuit size of arithmetic circuits with bounded 
depth that compute a special partially homogeneous polynomial P. 

Theorem 3.4. Assume that P is linear in each of the variable in Z 
and ^ > 1. // the polynomial map P : ¥{Y) (F(Z))p is {s,d)- 
weakly elusive, then the circuit size of any depth-\_^\ arithmetic circuit 
that computes P is at least s/5. 

Proof. This Theorem is an analogue of Raz's theorem [3, Proposition 
3.11], where Raz assume that p ■ k = n^. It is based on the following 

Lemma 3.5. (cf. [71 Proposition 3.4]^ Assume that G is the circuit- 
graph in a normal-linear-form. Then the associated mapping Vq is a 
polynomial mapping of degree Depth{G). 

This Lemma differs from [TJ Proposition 3.4] only in Raz's assump- 
tion that k-p = n?, which does not affect his proof, so we omit it. Now 
we complete the proof of Theorem 13.41 in the same way as the proof of 
Theorem [3IU □ 

Example 3.6. We return to the permanent P^, keeping the notation 
in subsection 3.1. The polynomial mapping constructed in subsec- 
tion 3.1 is a prototype of the polynomial mapping P constructed in 
subsection 3.2.(2). Now we attach to the permanent another family of 
polynomial mappings : ¥{X,Y) — Pol]!^^(¥{Z)), using the recipe 
in 3.2.(1). We determine the j-th coordinate of g"''^ as follows 

~g]'\X,Y):=f^-\X,Y)h{j). 

Here /"'*(X, Y) is defined unique from the equation 

m' 

Per4X,Y,Z) = fT\X,Y)h{j). 

4. Algebraic methods for proving that a polynomial 
mapping is weakly elusive 

4.1. Counting the dimension of the space of regular functions. 

For a given quadruple (s, r, m, d) with s < m — 1 let us denote by 
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• L{s,r,m, d) the space of all polynomials g on which can be 
written as 

(4.1) g = P(/) (i.e., giy) = /(r(y)) for all y E F^), 

where / G Pol'^{¥"^) and F is a multilinear homogeneous poly- 
nomial mapping of exactly degree r from to F'"; 

• Lfiom{s, r,m,d) the subspace in L{s,r,m,d) consisting of those 
g defined by (|tlD where / G Po/^^„(F"*); 

• PoZ^^^'^^(F'^) the set of all (homogeneous) of degree rd polyno- 
mials g in [xi, ■ ■ ■ , Xg) such that the degree of g in each variable 
Si does not exceed d. 

It is easy to check that 

dim Lhom{s,r,m,d) < dim Po/j;^;J < 



(4.2) min{ 



horn 

{l)+d-l\ fs + rd- 
d /'V rd 



dim L(s, r, m, d) < dim Pol\^^ < 
(4-3) min{ ^'^^^ , }. 



d J \ rd ^ 

In this subsection we assume that P is a polynomial mapping from 
F" to F™, where m > n + 1 > 3. 

. Denote by ^^^(P) the quotient space Po/t^(F-)//L^(P(F")), 

where J^^^(P(F'^)) consists of all homogeneous polynomials of 

exactly degree d in the ideal /(P(F"')); 
• Denote by A'^(P) the quotient space Po/(F"*) /F(P(F'")), where 

/^(P(F"')) is the subset of /(P(F")) consisting of polynomials 

of degree not greater than p. 

Proposition 4.1. Assume that for some d > 1 one of the following 
two conditions holds 

(1) dimyl^„^(P) > d:ymLhom{s,r,m,d), 

(2) dimyl^(P) > dimL(s, r, m, d). 

Then P is {s,r) -weakly elusive. 

Proof. Assume that P satisfies the condition (1) of Proposition ITTl We 
will show that for any homogeneous multilinear mapping F : F^ — )■ F"* 
of degree r the image of P does not lie on the image of F. Assume 
the opposite, i.e. there exists a homogeneous multilinear mapping F : 
F" F"* of degree r such that P(F'') C F(F"). Then 

(4.4) homi^m) C 4o™(P(F")). 
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Let iti^ii^i^")) be a complement of the subspace /^o^(P(F")) in 
Po/^Q^(F™). Since T is multilinear homogeneous of degree r we have 
(4.5) 

dimr(4^'^(P(F"))) < dimr(Po/t^(F-)) < dim L,,Us,r,m,d). 

On the other hand, by (14.41) . we have 

(4.6) dimr*(/i,l(P(F"))) = dim<_(P). 

Clearly (14.51) and (14.61) contradict the assumption of our Proposition. 
This proves that P is (s,r)-weakly elusive. 

In the same way we prove that P is (s,r)-weakly elusive, if the 
condition (2) in Proposition 14.11 holds. This completes the proof of 
Proposition 14.11 □ 

Example 4.2. Let us consider the Veronese mapping Uk : C" — 

dn+fc-l\ 
' of degree k. It is known that the ideal of the image of the 

Veronese mapping is generated by quadratic homogeneous functions 

on C("^'"'). Hence dimA^„„(z/fe) = ("^^^^). By Proposition HH tak- 
ing into account (14. 2p . Uk is (n", r)-weakly elusive, if 

Remark 4.3. The methods presented in this subsection is an exten- 
sion/modification of the Raz's method in [7] for his study of elusive 
functions. Using similar ideas, Raz constructed elusive functions, and 
consequently, obtained non-trivial lower bounds for the size of arith- 
metic circuits with constant depth computing certain homogeneous 
polynomials. A careful analysis shows that the counting dimension 
method has its limitation in proving lower bounds for the circuit size 
of polynomials, if one uses only (weakly) elusive functions. For ex- 
ample, it is impossible to prove any non-trivial lower bound for the 
permanent using (weakly) elusive functions, based on the counting di- 
mension argument. 

4.2. Reduction. As in |3] we reduce the problem of verifying whether 
a polynomial mapping P : F*^ — )■ F*" is [s, r)-weakly elusive, to verifying 
whether a subset A in the image of P(F") is (s, r)-weakly elusive. 

Definition 4.4. A subset A C F™ is called {s,r) -weakly elusive, if A 
does not lie on any image of a homogeneous multilinear polynomial 
mapping P : F^ — )■ F™ of degree r. 

In order to prove that P is (s, r)-weakly homogeneous, it suffices to 
show the existence of a /c-tuple of points in the image of P(F"), which 
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is (s, r)-homogeneously elusive, i.e. it does not lie on the image of any 
homogeneous polynomial F : F'^ — F'" of degree r. As in [1] we identify 
a fc-tuple Sk = {bi, ■■■ ,bk),biE F™, with the point Sk E (F'")^ 

Denote by (A''(F'*)*)"* the space of multilinear homogeneous polyno- 
mial mappings of exactly degree r from F'' to F™. 

Proposition 4.5. (cf. [U Lemma 2.4]) A tuple Sk of k points in F"* 
is {s,r) -weakly elusive, if and only if Sk does not belong to the image 
of the evaluation map 

Evl,^^ : (A"(F^)*)'" X (F^)'= ^ (F'")^ 

((/i, ■ ■ ■ , /m), (oi, ■ ■ ■ , Ofc)) ^ ■ ■ ■ , fm{ak)). 

Corollary 4.6. (cf. [H Corollary 2.5]^ A polynomial mapping P : 
F" — )■ F™ contains an {s,r)-elusive k-tuple, if and only if the subset 



k times 

k 



does not belong to the image of the evaluation mapping Ev 



,r,m ■ 



Proposition 14.51 and Corollary 14.61 are proved in the same way as [U 
Lemma 2.4, Corollary 2.5], so we omit their proofs. 

As in [U Proposition 3.5] we can also apply the effective elimina- 
tion theory to find concrete (s, r)-weakly elusive /c-tuple, and using the 
interpolation formula in [H Proposition 2.6] to construct concrete (s, r)- 
weakly elusive polynomial mappings, whose monomial coefficients are 
algebraic numbers. 

Remark 4.7. Proposition 14.51 implies that if 

+ 1 



k > 



m — s 



then there are a lot of /c-tuples Sk of points in F™ which are (s, r)- 
weakly elusive. Hence, using the interpolation formula, as in [U Propo- 
sition 2.6], it follows that there are many polynomial mappings P G 
PoP(F"',F'^) which are (s,r)-weakly elusive if 

(4.7) 



p / m — s 

Proving that a polynomial mapping P contains an (s, r)-weakly elusive 
tuple of points is considerably more complicated than to estimate the 
dimension of the regular functions on the image of P, but it may yield 
non-trivial lower bounds for the circuit size of the permanent, see the 
next subsection. 
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4.3. Geometry of the mapping associated to the perma- 
nent. Let us keep the notation we use in section 3. In this subsection 
we study the geometry of the mappings which are sightly simpler 
than (yf"'*, but might yield similar lower bounds for the circuit size of 

Pm as g'^'K 

Recall that Z is a rectangular matrix of size (n — t)n. Denote by 
Per{Z) the linear subspace of Pol^'^(¥{Z)) which is generated by the 
(minor) permanents of size {n — t) x [n — t) of the matrix Z. Clearly 
dimPer(Z) = (^'IJ. 

Lemma 4.8. The linear span of g^'^ {¥{(¥)) is Per{Z). Hence g"'^ is 
(s, l)-weakly elusive for s = J — 1. 

Proof. Lemma [4.81 is proved by observing that all the basis of Per{Z) 
lies on the image of (7"'*. □ 

Thus can be regarded as a polynomial mapping from F"* into 
F^"-'), and no further dimension reduction of the target space of ^""'^ 
is possible. 

Let us speculate for which value [s, r) the map could be (s, r)- 
weakly elusive, and moreover, this value (s, r) would bring non-trivial 
lower bounds for the circuit size of P„. Theorem 13.31 yields that, r must 
be equal to 2{n — t) — 1 (cf. Theorem 13. II) . We also wish to have s = n°' 
where a should take large values in order to obtain a non-trivial lower 
bounds for L{Pn). Since the degree of is t, Remark 14171 asserts that, 
the value of s = ra" is only constrained by the following conditions 



(4.8) < ( 1-1 



n 



(4.9) ^')> ^ ^ 



\n~tJ 



The validity of (14. 9 p implies that, a "generic" polynomial mapping 

of degree t from F"* to F^"-') is (n", 2{n — t) — l)-weakly elusive. If a 
is much less than n — t and 2{n — t)a is much less than t then (14. 8 p 
and (14. 9 p surely hold. For instance, the values n = 2^ , a = 2^ , 
n — t = 2"^ would satisfy the above constrain. In this case, if ^"'^ is 
"generic" , the circuit size of the permanent P„ is bounded from below 
by A ■ (^Z7j3, where yl is a (universal) constant which can be explicitly 
obtained from Theorem 13.11 
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5. Appendix: Normal form of arithmetic circuits and 
universal circuit-graph 

In this Appendix we reformulate a Raz's theorem on normal-homogeneous 
circuit (Theorem 15 ■4p . making precise an estimate in his original asser- 
tion. Then we reformulate Raz's theorem on the existence of a univer- 
sal circuit-graph (Proposition I5.5p . improving a Raz's estimate. These 
estimates play important role in the previous sections. 

First we recall some necessary definitions. 

Definition 5.1. (cf. [71 §1.1]) An arithmetic circuit is a finite directed 
acyclic graph whose nodes are divided into four types: an input- gate is 
a node of in-degree labelled with an input variable; a simple gate is 
a node of in-degree labelled with the field element 1; a sum-gate is 
a node labelled with -|- ; a product-gate is a node labelled with x; an 
output-gate is node of out-degree giving the result of the computation. 
Every edge {u, v) in the graph is labelled with a field element a. It 
computes the product of a with the polynomial computed by u. A 
product-gate (resp. a sum-gate) computes the product (resp. the sum) 
of polynomials computed by the edges that reach it. We say that a 
polynomial / G F[xi, ■ ■ ■ , x„] is computed by a circuit if it is computed 
by one of the circuit output-gates. If a circuit has m output-gates, then 
it computes an m-tuple of polynomials /* G F[xi, ■ ■ ■ i G [l,m]. 
The fanin of a circuit is defined to be the maximal in-degree of a node 
in the circuit, that is, the maximal number of children that a node has. 

Definition 5.2. [TJ §2] A circuit- graph G is the underlying graph 
of an arithmetic circuit $ together with the labels of all nodes. This is 
the entire circuit, except for the labels of the edges. We call G = Gij, 
the circuit graph of $. The size of an arithmetic circuit $ is defined to 
be the number of edges in $, and is denoted by Size{^). The depth 
of a circuit $ is defined to be the length of the longest directed path 
in $, and is denoted by Depth{^). The circuit size L{P) of a m-tuple 
P of polynomials gi, - ■ ■ ,gm ^ F[xi, ■ • ■ , Xn] is the minimal size of an 
arithmetic circuit computing P. 

Definition 5.3. [3 Definitions 2.1, 2.2] A circuit graph G^ is the un- 
derlying graph of an arithmetic circuit together with the labels of all 
nodes. A circuit graph G is called homogeneous, iff for every arith- 
metic circuit $ such that G = Gq> and every gate f in $, the polyno- 
mial computed by the gate v is homogeneous. Further, we say that a 
homogeneous graph is in normal form, if it satisfies 

(1) All leaves are labelled by input variables (i.e. no leave is labelled 
by the field element 1). 
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(2) All edges from the leaves are to sum-gates. 

(3) All output gates are sum-gates. 

(4) The gates of G are alternating. That is, if u is a product-gate 
(resp. sum-gate) and (m, v) is an edge, then m is a sum-gate 
(resp. product-gate or a leaf.) 

(5) The in-degree of every product-gate is exactly 2. 

(6) The out-degree of every sum-gate is at most 1. 

We say that an arithmetic circuit is in a normal- homogeneous form, if 
the circuit graph Gq> is in a normal-homogeneous form. 

Note that any ordered m-tuple of polynomials 5^1, ■ ■ ■ , £ IF[a;i, ■ ■ ■ , 
can be considered as a polynomial mapping from F" to F™. 

Theorem 5.4. c/. [3, Proposition 2.3] Let $ he an arithmetic of size s 
that computes an m-tuple P of homogeneous polynomials Qi, ■ ■ ■ , Qm ^ 
Po/J^^^(F"). Then there exists an arithmetic circuit \& for the polynomi- 
als gi, Qm such that is in a normal homogeneous form and the 
number of the node is less than 32s ■ (r -|- 1)^. 

Proof. Theorem 15.41 differs from [TJ Proposition 2.3] in two points. 
Firstly, Raz assumed that m = n. Secondly, instead of the estimate 
32s ■ (r -|- 1)^ Raz used 0{s ■ r^). These differences are not essential. 
The proof presented here follows the Raz's algorithm in the proof of 
[TJ Proposition 2.3] that transforms an arithmetic circuit $ computing 
P into an arithmetic circuit ^norm in normal homogeneous form which 
satisfies the condition of Theorem 15.41 

Step 1. If a (sum or product) gate in $ has in-degree 1, then we 
remove its and connect its only child directly to all its parents. The 
size of the new circuit is equal to the size of the old circuit. Hence 
we can assume that $ has no gate of in-degree 1. (This property is 
necessary for the next step and needs not be preserved under later 
steps). 

Step 2. We transform $ to $1 which satisfies the condition (5) of 
Definition 15.31 by replacing any product-gate of in-degree larger 2 by 
a tree of product-gates of in-degree 2, and any sum-gate of in-degree 
larger than 2 by a tree of sum-gates of in-degree 2. It is easy to check 
that Size{^i) < 2s. 

Step 3. We transform $1 to $2 computing P such that G.j.j is homo- 
geneous and satisfying the condition (5). The nodes of $2 is obtained 
by splitting each node G $1 into (r + l)-nodes Wo, ■ ■ ■ ji'r, where 
the node Vi computes the homogeneous part of degree i of the polyno- 
mial computed by the node v. We ignore monomials of degree larger 
than r. If (the original node) w G $1 is a sum-gate, we replace the 
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sub-circuit in $i connecting v with its children u,w by the circuits 
that compute Vi = Ui + Wi for all i G [0,r]. If v G $i is a product- 
gate, we replace the sub-circuit in $i connecting v with its children 
u, w by the sub-circuits of that compute Vi = J2]=o ""j ^ '^i-j 
i G [0,r]. Clearly $2 also computes P, moreover $2 is homogeneous, 
satisfies the condition (5) in Definition 15.31 It is easy to check that 
Size{<^2) < (r + 1)2 ■ 5z^e($i) < 2(r + l)^^. 

Step 4- We transform $2 to a homogeneous circuit $3, that computes 
P and satisfies the conditions (1), (5) 'm Definition 15.31 Let m G $2 
be a node computing a field element a„. We assume that u has out- 
degree at least 1, otherwise we remove u. Let v be a parent of u. If 
V is a sum-gate, noting that $2 is homogeneous, v computes a field 
element a„. Then we replace the sub-circuit computing v from its 
children by a leave labelled by 1 and multiply the labelled of all the 
edges from v by a„. If u is a product-gate, then v has the only two 
children u and so we replace the sub-circuit consisting of v together 
with all edges connecting with v by edges connecting u and w with the 
parents of v. Repeating this process we get the desired circuit $3 with 
Size{^-i) < Size{<^2) < 2(r + l)^^. 

Step 5. We transform $3 to a homogeneous circuit $4 that com- 
putes P and satisfies the conditions (1), (5) and (4)- This is done as 
follows. For any edge (m, v) such that u, v are both product-gates we 
add a dummy sum-gate in between them. For any edge {u, v) such that 
u, V are both sum-gates we connect all the children of u directly to u. 
Clearly Size{<^^) < 2Size{<^>3) < 4(r + l)^^. 

Step 6. We transform $4 to a homogeneous circuit $5 which com- 
putes P and satisfies the conditions (1), (5), (4) and (3) by connect- 
ing every product out-put gate to a new dummy sum-gate. Clearly 
Size{^5) < 2Size{^i) < 8(r + ifs. 

Step 7. We transform $5 to a homogeneous circuit $6 which com- 
putes P and satisfies the conditions (1), (5), (4), (3) and (2) by adding 
a dummy sum-gate in between any edge from a leave to a product gate. 
Clearly, Size{^fi) < 2Size{^^) < 16(r + l)^^. 

Step 8. We transform $6 to a homogeneous circuit $7 which com- 
putes P and satisfies all the conditions in Theorem 15.41 by duplicat- 
ing g-times any sum-gate of out-degree g > 1. Clearly Sizei^^-j) < 
2Size{^Q) < 32(r + 

This completes the proof of Theorem 15.41 □ 

Proposition 5.5. c/. |7i Proposition 2.8] Assume that a quadruple 
{s,r,n,'m) satisfies n < s, 1 < r, and m < 32s ■ (r -|- 1)^. Then 
there is a circuit-graph Gs^r,n,m, in a normal-homogeneous form that is 
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universal for n-inputs and m- outputs circuits of size s that computes 
homogeneous polynomials of degree r, in the following sense. 

Let ¥ be a field. Assume that a polynomial mapping P := {gi, ■■ ■ ^g^) € 
Po/^Q^(F", F™) is of circuit size s. Then, there exists an arithmetic 
circuit \l/ that computes P such that Gii, = Gs,r,n,m- 

Furthermore, the number of the edges leading to the sum- gates in 
Gs,r,n,m is at most 2^s^r^(r + 1)^. 

Proof. This Proposition differs from Proposition 2.8 in [7] only in three 
instances. Firstly, Raz assumed that m = n. Secondly, we have a 
concrete, estimate on the number of edges leading to the sum-gates of 
Gs,r,n,m, which yields a better estimate on the degree of the associate 
polynomial mapping. For the case of the convenience of the reader 
we outline the proof of Proposition 15.51 here, referring the reader to 
[7] for more details. It is based on Theorem 15.41 The idea is to pro- 
duce a circuit-graph Gs^r,n,m with sufficient nodes and edges so that the 
circuit-graph of any normal-homogeneous circuit $ computing P can 
be embedded into Gs^r,n,m- 

The circuit-graph Gs,r,n,m. is constructed as follows. First, we di- 
vide the nodes of Gs,r,n,m into 2r-level. The first level contains the 
input-gates, and the last level contains the output-gates. Other even- 
numbered levels contain exactly 32s(r-(-l)^ sum-gates and odd-numbered 
levels contain product-gates. The level i contains gates of the same syn- 
tactic degree i. Furthermore, we partition the product-gates in level 
(2i — 1) into (« — 1) types. Each of these type contains exactly 16s(r+l)^ 
nodes. Thus we have at most 16s ■ r(r -|- l)^(r -|- 2) nodes in Gs^r,n,m- 

Now we describe the edges of Gs,r,n,m- 

(1) The children of a sum-gate in level {2i) are all the nodes in level 
(2^-1). 

(2) The two children of a product-gate of type i in level (2i — l) are 
a sum-gate in level (2j) and a sum-gate in level {2i — 2j). 

Using Theorem 15.41 we prove that Gs,r,n,m is universal. 
The last assertion of Proposition 15.51 follows from (1). This completes 
the proof of Proposition 15.51 □ 

For the case r = 1 we have a normal form theorem. Though the 
value m in Raz's paper is fixed to be equal n, but in fact he does need 
that condition in his proof. Hence we omit the proof of the Proposition 
below. 

Proposition 5.6. (cf. Definition 2.4, Proposition 2.5]Raz2009) LetW 
be a field. Let $ be an arithmetic circuit of size s and depth d for a 
m linear polynomials gi, - ■ ■ ,gm^ ^[^i, ■ ■ ■ , Xn]. Then there exists an 
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arithmetic circuit \1/ of size s and depth d for the polynomials gi, - ■ ■ ,gm 
such that all nodes in G are either input-gates or sum-gates. 

The circuit \1/ (resp. its circuit-graph) in Proposition 15.61 is called in 
normal-linear-form. 

We end this appendix with the following remark on universal circuits, 
which is needed in the main body of our note. 

Remark 5.7. ([71 3.2]) Assume that $ is a normal homogeneous arith- 
metic circuit that computes a polynomial P G PoF{¥"',¥"^). Then 
there is an arithmetic circuit of the same circuit-graph as $ that 
computes P such that the label of any edge leading to a product-gate 
in is 1. 
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